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Steady-state, closed form solutions are presented for the tempera-
ture distribution,, heat removal, and coefficient of performance of an 
insulated, thermoelectric heat pump. The solutions are derived from the 
differential equation for the temperature distribution within a thermo-
element. The Seebeck coefficient is expressed as a logarithmic function 
of temperature. This expression permits the performance of elements made 
of thermoelectric materials with the same average Seebeck coefficient but 
with different values of the Thomson coefficient to be compared. An 
expression for electrical resistivity as a linear function of temperature 
is also introduced. Thus, the performance of heat pump elements made of 
materials having the same average resistivity but having resistivities 
that are different linear functions of temperature can be compared. 
A specific numerical example is studied in order to evaluate the 
effect of the Thomson coefficient and variable resistivity on the heat 
removal and coefficient of performance. Values of the Thomson coeffi-
cient ranging from 0 to ± 200 x 10 volts per degree Kelvin and values 
for resistivity with linear slopes varying from 0 to 6 x 10 ohm-cm per 
degree Kelvin are used. With the aid of the Burroughs 2 20 computer, the 
equations are solved for the maximum heat removal and the maximum coeffi-
cient of performance corresponding to each assumed value of Thomson co-
efficient and resistivity slope. Analytical results for the effect of 
the Thomson coefficient and variable resistivity on the maximum tempera-
ture difference of a thermoelement are also presented. 
The results based upon the numerical example show that materials 
having positive Thomson coefficients can increase the element heat removal 
by 35 per cent over a material with zero Thomson coefficient. Similarly, 
when using materials with positive Thomson coefficients, the coefficient 
of performance is as much as 18 per cent greater than with a material with 
zero Thomson coefficient. A numerical example is given which shows that a 
positive Thomson coefficient can improve the maximum temperature differ-
ence by several degrees Kelvin. The same example shows almost negligible 
change in maximum temperature difference as the resistivity slope varies. 
Heat removal decreases by no more than 5 per cent when the material 
resistivity increases linearly with temperature. The coefficient of per-
formance, however, improves by up to 8 per cent as the slope of the re-
sistivity increases . 
On the basis of this study, it Is concluded that the Thomson co-
efficient and variable resistivity can have considerable effect on heat 
pump performance. Therefore, these two parameters should always be in-
cluded in any theoretical analysis of heat pump performance. The use 
of an average parameter approach is shown to produce considerable error. 
Because of the substantial increase in performance that may be attained 
using elements with positive Thomson coefficients, thermoelectric 
materials with the highest, positive Thomson coefficients should normally 
be selected for heat pump applications if the material properties are 
otherwise similar. It should also be possible to achieve some improve-
ment in element performance by properly selecting materials with regard 




Previous Development of Heat Pump Performance Equations 
With the development of improved thermoelectric materials, the 
thermoelectric heat pump has become a practical method of refrigeration 
for certain applications. Two such applications are a small, portable 
refrigerator recently put on the market for home use, and a thermo-
electric refrigeration unit being considered by the Navy for submarine 
application. 
Several workers in this field have Investigated mathematical models 
of the temperature distribution within a thermoelectric element. From the 
models, they have developed equations for performance factors such as: 
(1) the heat pumped, (2) the coefficient of performance, and (3) the no-
load temperature difference In a thermoelectric heat pump. These factors 
are defined briefly here, but are discussed more fully in Chapter III. 
The heat pumped or heat removal, Qc, is the amount of heat that is re-
moved from the cold junction of the thermoelectric element per unit time. 
The coefficient of performance, CO.P., is the ratio of the heat pumped 
to the total electrical power Input to the thermoelement. The final 
performance factor, the no-load temperature difference, Is the tempera-
ture difference that can be attained between the two ends of the thermo-
element when the cold junction is thermally insulated. 
* Mathematical symbols are defined In the Nomenclature which 
appears on page vil. 
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The investigators usually made certain simplifying assumptions in 
order to obtain the necessary equations. A cylindrical insulated element 
has often been selected as the basic model for the development of equa-
tions for heat pump performance. Accompanying assumptions for the equa-
tions generally included: (1) constant resistivity, (2) constant thermal 
conductivity, and (3) constant Seebeek coefficient. Only limited work 
has been carried out to indicate how performance criteria are affected if 
properties of the thermoelement are not considered constant, but are 
allowed to vary with temperature. 
In this study, equations for heat pump performance are developed 
assuming resistivity varies linearly with temperature and the Thomson 
coefficient is constant. Specific values for the properties of the 
thermoelement are substituted into the equations in order to determine 
how and to what extent the performance is affected by linearly varying 
resistivity and by the influence of the Thomson coefficient. 
Review of Earlier Analytical Studies in Thermoelectrics 
One of the earlier studies in the field of thermoelectric elements 
was carried out by A. F. loffe (10). His simplified analysis assumed 
that the thermal conductivity, resistivity, and Seebeek coefficient were 
independent of temperature. Because the Seebeek coefficient was not 
assumed to vary with temperature, the Thomson coefficient was zero. The 
analysis, therefore, provided no insight into the effects of the Thomson 
coefficient or variable resistivity on heat pump performance. Another 
analysis completed by loffe (10) assumed a constant value for the Thomson 
* From the Kelvin relations (7), a constant Seebeek coefficient 
results in a zero Thomson coefficient. 
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coefficient, resistivity, and thermal conductivity. An approximate sub-
stitution was made for the Thomson coefficient in terms of the Seebeck 
coefficient and temperature to obtain expressions for heat removal and 
coefficient of performance. However, no attempt was made by loffe to 
numerically evaluate the effect of the Thomson coefficient on thermo-
element performance. In addition, only an average value of resistivity 
was used in the analysis. 
Norwood (14-) investigated the effects of temperature-dependent 
properties on the performance of a thermoelectric heat pump. He assumed 
that the thermal conductivity was variable and, therefore, was forced to 
use numerical integration in order to obtain the no-load temperature 
difference. The no-load temperature difference was the only performance 
factor analyzed. However, his results are applicable in part to this 
study and will be presented in greater detail later on. 
Siegla and Chaddock (18) presented curves to evaluate the validity 
of using constant value properties to determine the temperature distri-
bution with a thermoelectric heat pump. Curves of the temperature 
distribution were shown for: (1) the "exact" solution, (2) a solution 
using the cold junction values of k and p, (3) a solution using the hot 
junction values of k and p, and (5)'an "exact" solution neglecting the 
Thomson coefficient. Their "exact" solution was based upon the assump-
tions of linearly varying resistivity, constant Thomson coefficient, and 
a value of k calculated from the average of the hot and cold junction 
values. These assumptions were based upon results given by Norwood (14). 
The investigators claimed that by using these relationships, the solu-
tion "should be very near to an exact one-dimensional solution." They 
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concluded that a constant property analysis that evaluates the material 
properties at the length-average temperature provides close agreement 
with an "exact" analysis if the Thomson effect is a minor one. However, 
they did not attempt to evaluate the extent of the influence of the 
Thomson effect or variable resistivity on heat pump performance. 
Sunderland and Burak (20) obtained analytical expressions for 
the power and efficiency of a thermoelectric generator assuming the 
Thomson coefficient, thermal conductivity, and resistivity were all con-
stant. They used specific values for the thermoelement properties in a 
numerical example to show the effect of the Thomson coefficient on power 
and efficiency. The average value of the Seebeck coefficient for the 
thermoelectric material was held constant while the Thomson coefficient 
was allowed to take on several values. The effect of the Thomson coeffi-
cient on the performance of a thermoelectric heat pump was not considered. 
Ybarrondo and Sunderland (21) evaluated the effect of surface heat 
transfer and finite fins on the thermoelectric heat pump performance. 
They developed equations for the optimum heat removal, no-load tempera-
ture difference, and coefficient of performance with respect to the cur-
rent for a partially insulated thermoelement having finite fins. The 
analysis showed that performance can be improved with surface heat 
transfer. Curves were also presented showing the effect of fin size on 
element performance. However, the investigators assumed that resistivity 
was constant and that the Thomson coefficient was zero. 
Ybarrondo and Sunderland (22) also investigated the influence of 
spatially dependent properties on the performance of a thermoelectric 
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h^at pump. The Seebeck coefficient, electrical resistivity, and thermal 
conductivity were assumed to vary linearly with position along the thermo-
element. Equations are presented for heat removal, no-load temperature 
difference, and coefficient of performance using spatially dependent 
properties . A numerical technique was used to maximize the heat-removal, 
no-load temperature difference, and coefficient of performance with 
respect to the current. The results showed that the maximum heat removal, 
C.O.P», and no-load temperature difference were improved when electrical 
resistivity and Seebeck coefficient had small linear variations with 
position. The effect of thermal conductivity was found to be small as 
compared to the other two properties. In this analysis the authors did 
not attempt to evaluate the effect on heat pump performance when resis-
tivity varies linearly with temperature rather than with position. Nor 
did they examine the effect of the Thomson coefficient on heat pump per-
formance . 
Sherman, Heikes, and Ure (9) presented a method of numerical 
integration by which numerical values for the coefficient of performance 
and the heat pumped were obtained for a thermoelectric heat pump. Simi-
larly, values for the efficiency of a thermoelectric generator were 
obtained. This method took into account the temperature dependence of 
the resistivity, Seebeck coefficient, and figure of merit. 
They assigned theoretical temperature dependent properties to 
obtain four numerical examples. For each example the numerical solutions 
for the C.O.P. and the heat pumped--based on temperature dependent 
properties—were compared with solutions obtained by using average 
values for the properties . A similar procedure was carried out for the 
6 
efficiency of a generator. 
By allowing the resistivity, Seebeck coefficient, and figure of 
merit to be different functions of temperature for each of the four 
examples, the authors were able to make some general conclusions about 
thermoelement performance. They noted that "for the case of k and T 
independent of temperature and p linear with temperature , the temperature 
dependence of the resistivity affects the fraction of both the Joule and 
Thomson heats going to the cold junction," To improve CO.P., they also 
found it desirable to have a Thomson coefficient that has the effect of 
removing heat from the cold junction. For the thermoelectric element 
considered, a positive Thomson coefficient tended to remove heat from 
the cold junction whereas a negative Thomson coefficient had the effect 
of adding heat. At the given operating conditions, the maximum CO.P. 
was 0.183 with a positive Thomson coefficient and 0.148 for a negative 
Thomson coefficient. 
Because the paper considered only four specific examples, no 
general conclusions could be drawn concerning the effect of the Thomson 
coefficient and variable resistivity on either heat pump or generator 
performance. 
Burshtein (3) derived equations for the steady-state flow of heat 
through a thermoelectric element. He included, among other equations, 
an expression for steady-state flow of heat assuming resistivity to be 
a linear function of temperature and Thomson coefficient to be a con-
stant . However, he did not attempt to develop equations for the per-
formance of the thermoelement using these assumptions; nor did he 
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investigate numerically what effect linear resistivity or the Thomson 
coefficient had on the flow of heat. 
In summary, researchers in thermoelectrics have often assumed the 
resistivity to be constant and the Thomson coefficient to be zero. The 
review given of the past literature indicates that some analyses did 
assume that the resistivity was variable and also did take the Thomson 
coefficient into account. These papers, however, did not attempt to 
evaluate how changes in those two parameters might affect the performance 
of a thermoelectric heat pump. This thesis investigates the effect of 





Differential Equation for Temperature Distribution 
The thermoelectric heat pump used for analysis is shown In Figure 
1, The element Is assumed to be connected to a voltage source so that a 
D.C. current will flow in the direction indicated. It is perfectly in-
sulated over its entire length from x = 0 to x = L. Although a paper by 
Rolllnger and Sunderland (17) affirms that better performance may be 
achieved if the element is only partially insulated, this case will not 
be considered here. The hot and cold junctions are to be maintained at 
fixed temperatures of T and T , respectively, and the cross-sectional 
area A is constant. 
The differential equation for the one-dimensional steady-state 
temperature distribution in the thermoelement Is derived In Appendix 
A. The resulting analysis gives 
a f ( "« *§ ] -ix(T>-£+£<a..o <
2-> 
where k is the thermal conductivity, I the electrical current, p the 
electrical resistivity and x the Thomson coefficient. If the thermal 
conductivity k and the Thomson coefficient T are assumed to be constant, 
and if the resistivity is given by p = p + B(T - T ), then Equation 
a a 
(2-1) can be written as 
HOT JUNCTION AT 
TEMPERATURE Th 
K*0 
COLD JUNCTION AT 
TEMPERATURE Tc 
h-Q. 




J2T T , T2 I (p - BT ) d T _ IT_ dT_ I BT a a_ _ (9-2) 
., 2 K A dx , ,2 , h 2 dx kA kA 
The justification for assuming that the conductivity is constant 
is given in a paper by Parrott (15). He found that when k was assumed 
constant, the maximum error made in calculating the temperature distribu-
tion was less than 1 per cent. This analysis applied to refrigerating 
elements operating below 50°C. 
Variable Resistivity 
Over the temperature range generally used for refrigerating 
elements, the resistivity can be closely approximated as a linear func-
tion of the absolute temperature. Therefore, the resistivity was assumed 
to be 
» + B(T - T ) (2-3) 
a a 
where p is the average resistivity for the hot and cold junction, p = 
a a 
(p + p )/2, and T is the temperature at which p = p . Since.the re-
c . n a a 
sistivity varies linearly with temperature, T will equal (T, + T )/2. 
The symbol B is the rate of change of the resistivity with respect to 
the absolute temperature and is a positive constant for the element 
under consideration. It is assumed positive because the rate of change 
of the resistivity with respect to temperature is positive for semi-
conductor materials used for refrigeration. By representing the re-
sistivity in this^manner, elements made of materials having the same 
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average resistivity but different values of B may be compared. In Figure 
2, the resistivity is plotted as a function of temperature for bismuth 
telluride (14). Using Equation (2-3), resistivity is also plotted for 
various values of B when p = 0.001 ohm-cm and T = 2?5°K. 
a a 
Constant Thomson Coefficient 
From the assumption of constant Thomson coefficient, the Seebeck 
coefficient becomes a logarithmic function of temperature. By the Kelvin 
relations (7), the Thomson coefficient and Seebeck coefficient are re-
lated as follows 
T = T § (2-4) 
Since x is constant. Equation (2-4) can be integrated between the limits 
S and S, and T and T^ to yield 
D b 
S. = S. + T In ~ (2-5) 
b Tb 
The constant S, is the average value of the Seebeck coefficient for the 
hot and cold junctions, S = (S + S )/2, and T, is the temperature for 
which S = S . By allowing S to be the average value of 'the Seebeck 
coefficient between T and Tn , elements made of thermoelectric materials 
c h 
with different Thomson coefficients but the same average Seebeck coeffi-
cient can be compared. Figure 3 shows a plot of Seebeck coefficient 
versus temperature for bismuth telluride as taken from experimental re-
sults by Norwood (14). The plot shows that S^ will equal (S. + S )/2 
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Several Heat Pump Elements* 
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at approximately 275°K. Using Equation (2-5), positive and negative 
values of T are also plotted when S = 212 x 10 volts/ K and T = 
-6 
275°K. The value of 212 x 10 volts/°K is given in Reference 21 as 
being typical for present heat pump materials. 
Equation (2-2) now remains to be solved for the temperature 
distribution when B is positive and T is positive or negative. These 
solutions will be used to derive equations for the heat pumped and the 
coefficient of performance. Various values for T and B will then be 
substituted into the equations to obtain the maximum coefficient of per-
formance and the maximum heat pumped for the element. 
15 
CHAPTER I I I 
PERFORMANCE OF AN INSULATED THERMOELEMENT 
WITH CONSTANT THOMSON COEFFICIENT AND VARIABLE RESISTIVITY 
S o l u t i o n o f t h e T e m p e r a t u r e D i s t r i b u t i o n E q u a t i o n 
As g i v e n p r e v i o u s l y , t h e d i f f e r e n t i a l e q u a t i o n f o r t h e t e m p e r a t u r e 
d i s t r i b u t i o n i n an e l e m e n t of a h e a t pump i s 
A _ IT. dT + ifOT + ^ajjV = „ ( 2_2) 
dx2 k A d x \A2 KA 2 
The boundary conditions for Equation (2-2) are 
T(0) = T, (3-1) 
h 
T(L) = T (3-2) 
c 
where T, and T are the temperatures of the hot and cold junctions, 
respectively. 
For convenience, Equation (2-2) can be written In another form. 
Let u, the dimenslonless position along the element, be defined by 
u = £- (3-3) 
L 
16 
The temperature can be expressed in dimensionless form as 
6<u) = T
T ( ^ T (3-4) 
' h e 
By setting 
Y = ITL 
kA 
the equation is transformed to 
The boundary conditions become 
(3-5) 
d2e v de KBY
26 ^ a - B Ta ) n 
du~ " Y ̂  + -7- + " 2 - — = ° <3-*> 
T T (T - T ) 
h c 
9(0) = 6U (3-7) 
n 
1(1) = e (3-8) 
c 
Equation (3-6) is a second order linear differential equation of 
the form 
2 
d Q de „ ,„ „x 
c i 7 7 + c2 57 + c 3 e = c 4
 ( 3 " 9 ) 
du 
where c_» c~» c_» and c. a re c o n s t a n t s . I t s s o l u t i o n s are well-known 1 2 3 H 
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for all values of the constants. Therefore, the temperature distribution 
can be obtained for all values of T and B. There are six possible solu-
2 
tions to the equation, depending on the relative magnitudes of T , 4-Bk, 
and B. If T > 4Bk and |B| > 0, then 
9(u) = exp(Yu/2) /2 
L/T 
h COS. h(Yu/x - 4Bk /2T) + (3-10) 
E-l-E exp(Y/2) C O S M Y A 2 - 4Bk /2T) . ,,„ fl ~~~ ._ '] 
•- — - x s m h ( Y u / T - 4Bk / 2 T ) f 
e x p ( Y / 2 ) sinhCYi/x2 - 4Bk / 2 x ) 
+ 6 B(TK - T ) a 
h c 
where E = + e, B(T, - T ) h 'a 
h c 
( 3 - 1 1 ) 
Fo r x = 4Bk and | B | > 0. 
6(u) = exp(Yu/2 ) E + 
[ E - l - E e x p ( Y / 2 ) j u 
exp( 'Y/2) B(T, - T ) a 
J h. c 
+ 6 ( 3 - 1 2 ) 
I f 4Bk > T and B > 0 , t h e n 
6 (u ) = e x p ( Y u / 2 ) E c o s ( Y u / W - x 2 / 2 T ) + ( 3 - 1 3 ) 
E - l - E e x p ( Y / 2 ) cos(Y /HBk - T' 
e x p ( Y / 2 ) s i n ( Y / 4 B k - x 2 / 2 T ) 
/2T) .. _.._,„X- 2 x s i n (YuABk - T / 2 T ) 
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B(T, - T ) + °a 
h c 
For the condition where B• = 09 Equation (3-6) reduces to 
d2e v de
 kY pa 
~~T ~ Y dKT + ~2 = 0 
(3-14) 
du T (T, - T ) h c 
The solution for Equation (3-14) subject to the boundary conditions given 
in Equations (3-7) and (3-8) is 
kY 
+ 1 
0(u) = exp(Yu) 
(T, - T )T 
n c 
1 - exp(Y) 
kYp u 
+ __ 5 + 
(1h~ T C ) T 
(3-15) 
kY 
' < T h - V T 
If T = 
'h . \ 1 - exp(Y) 
\ 
0 and B > 0S Equation (2-2) reduces to 
2 2 2 2 2 
d 0 I L B6 IZL f nrT, , 
+ — + - — { p - BT ) = 0 
du2 kA^ kA^ d a 
(3-16) 
When applying boundary conditions (3-7) and (3-8), the solution to Equa-
tion (3-16). is 
19 
af , E - l - E c o s ( I L / B k /kA) . ,_ / - : - ,_ „, / 0 , _ 
8 ( u ) = ^ x s i n C l L u / B k /kA) + ( 3 - 1 7 ) 
s i n ( I L * ^ k " /kA) 
E c o s ( I L u V S F /kA) -
B(T - T ) a 
h c 
Although this analysis considers only positive values of B, the 
solution for T = 0 and B < 0 could be obtained by applying Equation 
(3-10). 
For T = 0 and B = 0, Equation (2-2) becomes 
d2e l 2 pa L 2 
+ 
du2 kA2(T\ - T ) n c 
= 0 (3-18) 
The solution for Equation (3-18) using the conditions given by boundary 
tations (3.-7) and (3-8) is 
i(u) = -
T2 T2 2 
I p L u 
a 




__2kA^Th - Tc) J 
u + 6,_ (3-19) 
n 
Equations (3-10), (3-12), (3-13), (3-15), (3-17), and (3-19) com-
prise the six solutions for the temperature distribution in a thermo-
element . 
The Performance Equations 
The performance of a thermoelectric heat pump is judged on the 
20 
basis of: (1) the heat Q that can be removed from the cold junction » 
c 
(2) the coefficient of performance that can be achieved, and (3) the 
maximum temperature difference across the element when the cold junction 
is thermally insulated. 
Heat Removal 
The heat removed from the cold junction may be expressed by 
dT 
Q - kA ~ 
c dx 
T + S IT (3-20) 
x=L c c 
where S is the Seebeck coefficient at the cold junction. The first c J 
term on the right side of Equation (3-20) is the heat conducted to the 
cold junction. The second term is the heat removed due to the Peltier 
effect at the junction. From Equation (2-5), the Seebeck coefficient, 
S , may be expressed as 
S = S. + T In ~ (3-21) 
c b 8, 
b 
Equation (3-20) can then be written as 
kA(T, - T ) JA, 0 YkAT 
Q = £ £- fj n + (S. + T In ^-) _ * (3-22) 
c L du u=l b 0, LT 
1 b 
Again, there are six possible solutions for Q . From Equations 
c 
(3-22) and (3-10) 
21 
_ ^A(T h - T c ) Y . / T ' - 4 B k (E - 1) 
g c ^ L ( L " X + 
/  -1 
t a n h ( Y A 2 - 4 B k / 2 x ) 
(3 -23) 
^ E e x p ( Y / 2 ) / T - .Bk + + T C } _ C 
P> b T 
s i n h ( Y / r -4-Bk / 2 T ) 
f o r T > 4Bk and | B | > 0 . 
F o r T = 4Bk and B > 0 
kA(T, - T ) 
Q = . — h — ^ _ 
v c L 
(E - 1) (Y/2 + 1) - (3 -24) 
e Ye 
E e x p ( Y / 2 ) + (S, + x I n ^ ) — -
D 8, T 
b 
when combin ing E q u a t i o n s ( 3 - 2 2 ) and ( 3 - 1 2 ) 
From E q u a t i o n s ( 3 - 2 2 ) and ( 3 - 1 3 ) 
kA(T, - T )Y 
h c 
. 2L E - 1 + 
A (E - l ) / 4 B k - T 
t a n ( Y / 4 4Bk - x / 2 T ) 
(3 -25) 
(Y/2)Ai E e x p ( Y / 2 ) / W - T _ c _ c , 
b 8^ T 
b T s i n (Y-ABk - T / 2 T ) 
f o r 4Bk > x and B > 0 
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F o r t h e c a s e where B = 0 , E q u a t i o n s ( 3 - 2 2 ) and ( 3 - 1 5 ) y i e l d 
Q c = 
kA(T, - T ) Y , v . 
h c J exp(Y) 
1 - exp(Y) 
Y p k 
a 
T (T, - T ) 
h c 
+ 1 + ( 3 - 2 6 ) 
p k 9 0 
a / r , c v c 
— — + (S, + x I n -r—) — 
T 2 (T h - T )
 b 9 b T 
n c 
Fo r x = 0 and B > 0 , E q u a t i o n s ( 3 - 2 2 ) and ( 3 - 1 7 ) g i v e 
Q = ICT, - T ) I / S T ( E - l ) cos(IL/Bk AA) - E 
C h C S 1 . , T „. / r r - ,, . v 1 DC s i n ( I L / B k /k:A) 
J 
(3-27) 
When B = 0 and T = 0 , 
Q c = 
I p L 
a 
2A 
kA(T, - T ) 
h c 
+ S, IT b c 
(3 -28) 
from E q u a t i o n s ( 3 - 2 2 ) and ( 3 - 1 9 ) . E q u a t i o n ( 3 - 2 8 ) i s t h e e q u a t i o n f o r 
h e a t r e m o v a l g i v e n by l o f f e ( 1 0 ) . 
C o e f f i c i e n t of P e r f o r m a n c e 
The c o e f f i c i e n t o f p e r f o r m a n c e i s t h e r a t i o of t h e h e a t removed 
from t h e c o l d j u n c t i o n t o t h e t o t a l e l e c t r i c a l power i n p u t t o t h e 
e l e m e n t . T h u s , 
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C O . P . = 
x=L 
(3 -29) 
-T- j p dx + I 
x=0 T 
SdT 
or a f t e r s u b s t i t u t i o n s 
C O . P . = Q / 





(p - BT ) + B(T, - T )i 
a a h c 
du (3-30) 
L n c 
(% 
sde > 
The f i r s t term in the denominator of Equation (3-30) i s the power 
expended by Jou le h e a t i n g . The second term i s t h e power necessary t o 
o f f s e t t h e Seebeck vo l t age c rea t ed by the tempera ture d i f fe rence ac ross 
t h e e lement . By making use of Equation ( 2 - 5 ) , the second i n t e g r a l may 
be w r i t t e n a s : 
Sde = s^ + T 
b 
e h ( l n J l - 1 ) - 6 c U n ^ - l ) 
a a 
(3-31) 
The c o e f f i c i e n t of performance has s i x so lu t ions , . By us ing Equa-
t i o n s ( 3 - 2 3 ) , ( 3 - 3 0 ) , and ( 3 - 1 0 ) , 
C O . P . = ( T ( E - 1) + (E - 1 ) / T -4Bk /
fry 
T 
* / 2 ~ 
Y T -
(3-32) 
tanh(Y/T -4Bk / 2 T ) 
24 
E e x p ( Y / 2 ) / r 2 - IBk 
sinhXYA:2 - 4 Bk / 2 x ) 
+ 2(S , + x I n ~) 6 } 
D 8, C ' 
1)A 
t a n h ( Y v V *4Bk / 2 T ) 
+ E e x p ( Y ) / : 2 -E - 1    4Bk 
e x p ( Y / 2 ) s i n h ( Y / r 2 - 4Bk / 2 T ) 
sb + T [0h(m / -_ D ._ e c ( m ^ - i ) ] 
a a 
f o r T > 4Bk and | B | > 0 , 
A p p l i c a t i o n o f E q u a t i o n s (3-2M-), ( 3 - 3 0 ) , and ( 3 - 1 2 ) y i e l d s 
CO . P . = 
8 Y8 
(E - 1 X Y / 2 + 1) - E e x p ( Y / 2 ) + (S, + x In ~) — -
Jb 8, T 
D 
* ( 3 - 3 3 ) 
2YBk 1 - |<2E - 1 ) t
 2[E " / + L'ff (Y>] * 
Y Y e x p ( Y / 2 ) 
r c s b + T V ^ F 1 - 1 ) 
I a 
ic<m ^ - i ) 1 3 
f o r T = M-Bk and B > 0 . 
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By combining Equations (3-25), (3-30), and (3-13) 
C.O.P. = T(E - 1) + (
E. ~ PABk - T2 E exp(Y/2)/M-Bk - x2 (3.34) 
tan(Y/4Bk - T2 / 2 T ) sin(yABk - T2 / 2 T ) 
+ 2(S, + x In ~ ) 0 
b e, c 
jp 
- T -
(2E - 1)  l)/4Bk - x' 
tan(Yi/W - T2 / 2T) 
E - J ^ E exp(Y)v4k~^_+ J + T [ e ( l n Jl_ 1 } _ e ( l n fc _ 1 } J 
i ~ l b h 9 c 6 
exp(Y/2) sin(Y/4Bk - x / 2 T ) a a 
when 4Bk > x and B > 0. 
Application of Equations (3-26), (3-30), and (3-15) produces 
C .0 .P. = 
Yk p 
~ + (T - T ) | , 
x2 h c I p a 
exp(Y) J •—— • + — ^ ~ + 
1 - exp(Y) I x 
(3-35) 
e (T, - x )e 
r,- 1 c v n c c 
( S b + T to 97 ) — 1 
b 
Yk p (T - T ) . -, 
- T * V - V ' CV1"^-1) - ec(ln e^-1)]l 
T ! a a 
when B = 0. 
If T = 0 and B > 0, then Equations (3-27), (3-30), and (3-17) can 
be combined to yield: 
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CO.P. = Bk 
(E - 1) cos(IL/Bk /kA) - E| g 0 
sin(IL/BF /kA) b e 
vd l -ob J 
^Bk (2E - 1) [1 - cos(IL/Bk /ka)] ( g 
sin(lL/BF /kA) 
When T = 0 and B = 0, Equations (3-28) and (3-29) give 
-I p L kA(T, - T ) 
a h e 
CO.P. = 2A 
+ S, IT 
b c 
I p j L 
- ^ - + S b 1 ( T h - T c ) 
( 3 - 3 7 ) 
Mo-Load Temperature Difference 
Analytical solutions for the no-load temperature difference cannot 
be readily found using previous assumptions. In order to obtain the no-
load temperature, i t would be necessary to change the boundary conditions 
so that T = T, at x = 0 and Q = 0 at x = L„ while T is allowed to vary, 
h c c J 
This* however, violates the assumption that p is a constant expressed 
a 
by p = (p + p, )/2. If T is allowed to varys then p will vary and, a c n e a 
hence, can no longer be considered as a constant. The same problem 
exists with S, = (S + S, )/2. Various values of T and B cannot be com-
D c h 
pared, and s t i l l have the average Seebeck coefficient, S , and average 
res is t iv i ty , p ,, remain constant. However, Norwood's paper (14) deals 
with the effects of the Thomson coefficient and variable resis t ivi ty 
on the no-load temperature difference. The results of his paper will 
be presented in place of analytical results for the no-load temperature 
27 
difference. 
Analytical equations for the heat removed and the coefficient of 
performance for the element have been presented. These equations, which 
were developed from the basic equation for temperature distribution 
within a thermoelement, are' the six possible solutions for Q and' CO.P. 
under the imposed conditions of operation. The substitution of numerical 
values into the equations in order to determine the numerical effect of 





Numerical Solutions for the Performance Equations 
The temperature distribution, the rate of heat removal, and the 
coefficient of performance of an insulated thermoelement operated as a 
heat pump can be determined by applying the equations presented in 
Chapter III. The complexity of these equations prevents predicting the 
influence of the Thomson coefficient and variable resistivity on thermo-
element performance directly from the equations. In order to analyze 
the influence of T and variable p on heat pump performance,, a numerical 
example has been completed, The following values for the physical 
dimensions and properties of a thermoelement were used in the example: 
L = 1.0 cm P = 0.001 ohm-cm 
CI 
k = 0.02 watt/cm- K T = T^= 275 K 
a b 
A = 0.370 cm2 T = 250°K 
c 
Ŝ  = 212 x 10 ~6 volts/ K • T, = 300 K 
b h 
The Thomson coefficient was analyzed for T = 0, ± 100, ±150, and ±200 
-6 ° 
x 10 volts/ K, while B was assumed to have values of 0, 1, 2, 4, and 
-6 o • 
6 x 10 ohm-cm/ K. The values for the constants and the range of 
values for T and B were partially selected because they conform to the 
properties of thermoelectric materials presently available. Negative 
values of B were not considered because thermoelectric heat pump 
materials presently in use have resistivities that increase with temper-
29 
ature. In order to correlate Norwood's results (14) with the results 
of this thesis, values for the constants listed above closely approximate 
the values used in his paper. A table of the properties of various 
thermoelectric materials is presented in Appendix B for reference. 
The Burroughs 220 Computer was used to substitute the constants 
and the various combinations of x and B into the appropriate equations 
for Q and CO .P . . in order to obtain numerical so lu t ions . For each 
c . • • • • ' • 
combination of x and B, the computer determined the two currents which 
would produce the theoretical maximum heat removal, Q , and the maxi-r cmax 
mum coefficient of performance, CO.P. . The computer then calculated 
max 
a CO.P. using the current for which heat removal is maximum. This 
C.O.P. corresponding to the point of Q is designated C.O.P... Simi-
CTUcLX 1 
larly, the computer calculated, a Q using the current for which coeffi-
cient of performance is maximum. This Q corresponding to the point of 
C.O.P. is designated Q •.. A more detailed description of the computer 
max & cj r 
program is presented in iAppendix•C Figures 4 and 5 were plotted from 
the compiled results. 
For simplicity in interpreting the two graphs, the values of heat 
removal and coefficient of performance were normalized by dividing them 
by a reference value, Q _ and C.O.P. _,., respectively. Q _ was J cref ref r J cref 
taken as 0.150 watts and C.O.P. ,. was taken as 0.158. These were the 
ref 
values for Q and C.O.P. , that were obtained when x was zero and 
cmax max 
B was zero. These values were used because they represent the values 
that are obtained for the thermoelement if a constant parameter approach 
is used.. In Figure 4 the normalized values of Q . and Q are plotted 
en cnicix 
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the normalized values of CO.P.. and CO.P. plotted versus absolute 
i max 
Thomson coefficient. Also plotted on the two graphs are curves for each 
of the assumed values of the slope B. 
Generally, the graphs indicate that the Thomson coefficient has. a. 
substantial effect on element performance. The effect of variable re-
sistivity on performance--although not as large as the effect of the 
Thomson coefficient—is significant under certain operating conditions. 
The Effect of Thomson Coefficient on Performance 
From Figure 4 it can be seen that a higher value of heat removal 
is obtained when a positive value for the Thomson coefficient is used 
rather than a negative value . It is also, evident from the graph that as 
T increases the heat removal also increases. Since a positive Thomson 
coefficient, as previously defined, tends to remove heat along the length 
of the thermoelement, it improves heat removal from the cold end. The 
improvement in maximum heat removal of an element with a Thomson coeffi-
-6 ° 
cient of 200 x 10 volts/ K over an element with zero Thomson coeffi-
cient is about 35 per cent. Negative values of T have the opposite 
-6 o 
effect. When T was -200 x 10 volts/ K rather than zero, a decrease 
in maximum heat removal of about 34 per cent occurred. Therefore, any 
increase in the Thomson coefficient would be expected to cause an in-
crease in Q . 
c 
Figure 5 indicated that T has a similar influence on the coeffi-
cient of performance; i.e., CO.P. generally increases as T increases. 
The increase in the maximum CO.P. of a thermoelement with a Thomson 
-6 ° . . 
coefficient of 200 x 10 volts/ K over a thermoelement with T = 0 is 
33 
approximately 18 per cent. The decrease in maximum C.O.P. if x =' 
-6 ° 
-200 x 10 volts/ K rather than zero is about 26 per cent. Equation 
(3-29), which defines C.O.P., best illustrates why an increase in C.O.P. 
would be expected to occur as T increases. When operating at C.O.P. , 
* - max 
changes in T generally produce only small changes in the denominator 
(the power input to the element) as compared to the numerator (the heat 
removal for the element). When the current is adjusted for maximum 
C.O.P., the C.O.P. tends to vary as the rate of heat removal varies; 
therefores C.O.P. increases with increasing T. For C.O.P.. (Figure 5), 
this trend is reversed at higher values of x because of the increased 
influence of the power input term (the denominator) on the coefficient 
of performance. As x is increased,, the input current required to main-
tain maximum heat removal in the element increases also. Although this 
increase in current produces additional heat removal in the thermo-
element, it also produces a greater power input to the element. As x 
becomes increasingly large, a point is reached where the power input 
begins to increase much more rapidly than the heat removed. At this 
point the coefficient of performance begins to decrease despite increas-
ingly positive Thomson coefficients. As can be seen in Figure 5, C.O.P.. 
decreases slightly at the higher values of Thomson coefficient. 
Use of Results from Norwood 
Norwood's results (14) concerning the effect of x and p on the 
maximum temperature difference, A T , are reproduced in Figure 6. It 
max 
should be pointed out that these curves were plotted by Norwood using 
a computer solution to solve the basic differential equation for the 
3ii 
10 15 20 
CURRENT-AMPS 
Figure 6» He-Load Teaqoemture, Bifferenee as a Function of Current* 
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temperature distribution within a thermoelement. Norwood assumed that T 
varied with temperature; whereas, this thesis assumes that x is constant, 
Norwood's results, therefore, are used only to indicate generally the 
effect that positive and negative Thomson coefficients will have on the 
maximum temperature difference attainable. As shown by Curve C, a 
positive Thomson coefficient increases the maximum temperature differ-
ed 
ence slightly (about 4- K) above that of an element with zero Thomson 
coefficient (Curve B ) . A negative value of T (Curve A) decreases the 
o 
maximum temperature difference by approximately 5 K. 
The Effect of Variable Resistivity on Performance 
Figures 4 and 5 indicate how linearly varying resistivity affects 
the heat removal and coefficient of performance. Increasing B from 0 to 
-6 ° • 
6 x 10 ohm-cm/ K, for example, dec reases Q by 5 per cent when x i s 
r cm ax J 
-6 ° 
maintained at 200 x 10 volts/ K (Figure 4). For all cases covered in 
this thesis, the heat removal was highest when the resistance did not 
2 
I p L 
vary with temperature (B = 0). When B = 0, the Joule heat, — _ § — , is 
A 
constant for all positions along the thermoelement; so that due to the 
linear nature of the governing equations half the Joule heat would be 
conducted to the hot junction, and half to the cold junction. When 
B > 0, the Joule heat is not evenly distributed. Instead, more Joule 
heat will be concentrated at the points of higher temperature where 
T > T , since the resistivity will be greater at these points according 
a 
to Equation (2-3). Likewise, resistivity will be less than p at points 
a 
where T < T ,, and Joule heat must be less also. 
a 
How heat removal is affected by a change in B can best be eval-
38 
uated by first plotting curves of the thermoelement temperature distribu-. 
-6 ° 
tion (Figure 7) for B = 0 and B = 6 x 10 ohm-cm/ K. The Thomson coeffi-
cient is assumed to be zero, and all other properties are constant. The 
current is taken as 20 amps. This value is approximately the current 
required for maximum heat removal. The two upper curves are plotted by 
substitution of the values for the thermoelement properties into Equa-
tions (3-17) and (3-19). These two curves are shown as the sum of two 
separate effects . The straight line is the temperature distribution 
created by heat conduction through an element with a constant k of'0.02 
o o 
watt/cm- K and a temperature difference of 50 K. Since the Thomson co-
efficient is zero, the only other contributor to the temperature distri-
bution is the Joule heat. Siegla and Chaddock (18) have, in fact, shown 
that the temperature distribution in a thermoelectric element is just a 
summation of the contributions due to thermal conductance and Joule 
heat if the Thomson coefficient is zero. The curves for the Joule effect 
were obtained by plotting the difference between the overall temperature 
distribution curves and the curve for thermal conductance. 
The temperature distribution caused by Joule heat is of primary 
interest. The curve.for B = 0 is seen to be symmetricals which further 
illustrates that Joule heat flows equally to the hot and cold junctions 
when resistivity is constant. It is also evident from the curves that 
the heat flux into the cold junction, 
kA(Th - V d6 
L du u=l 
6.2! 
1=20 AMPS 
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is slightly greater when B = 6 x 10 ohm-cm/ K, because the slope, 
d£ 
du 
, is greater. As stated in Equation (3-20), the heat removal at 
the cold junction is dependent upon two terms; the heat flux at the cold 
junction and the Peltier effect. Since the Peltier effect will be con-
stant if the current remains constant, then any difference in heat re-
moval which occurs when B is varied must be a result of changes in 
heat flux. Higher values of B produce greater heat fluxes, which reduce 
the rate of heat removal. 
The increase in heat flux at the cold junction when B is increased 
can be attributed to the increase in the element resistivity. The re-
sistivity, as defined previously, is: 
p = p + B(T - T ) (2-3) 
a a 
This relationship is used to compare materials having the same average 
resistivity between the hot and cold junction temperatures. However, 
it should be noted that although materials with different resistivity 
slopes will have the same average resistivity, the thermoelements con-
structed of these materials may not have the same average resistivity 
over their length . The reason is the non-linear temperature distribution 
along the length of the thermoelement, As shown in Figure 7, the tem-
perature distribution is normally not linear unless only thermal con-
ductance occurs in the element. The distribution that normally exists 
produces a mean value of temperature within the element that is higher 
* The mean temperature is defined as: 6 = 6(u)du 
mean ' 
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than the average of the hot and cold junction temperatures, (0 +0 )/2. 
In fact, Figure 7 indicates that over 75 per cent of the length of the 
element the temperature Is above the average temperature, 0 =T /(T,-T ) = 
a a n c 
5.5. Then, for all values of B, the element resistivity, p, will be 
higher than the average resistivity, p , over approximately 75 per cent 
EL 
of the element length. As B increases, the resistivity decreases over 
the 25 per cent of the thermoelement near the cold function where T > T 
a 
and increases over the other 75 per cent of the length In accord with 
Equation (2-3)„ The effect of increasing B Is an increase In the over-
all resistance for the element, and, hence, a rise in Joule heat occurs. 
The Increased Joule heat causes the heat removal, Q , to be diminished. 
' xc 
The Influence of the resistivity on the coefficient of performance 
was somewhat different from Its effect on heat removal. In fact, due to 
the complexity of the equations, its Influence Is difficult to evaluate„. 
Figure 5 indicated that for positive Thomson coefficients, a greater 
value of C.00P„ was obtained when B increased, A maximum of 8 per max 
-6 
cent improvement m C.O.P,. occurs when B increases from zero to 6 x 10 
o 
ohm-cm/ K. For nega t ive Thomson c o e f f i c i e n t s , b e s t performance was 
achieved when B approached z e r o . When T = 0 , t h e maximum C.O.P. was 
t h e same value for a l l va lues of B . I t would appear , t h e r e f o r e , t h a t 
C<.Q*P. i s always independent of B when T = 0 . Equat ions (3-36) was 
max 
differentiated with respect to the current and set equal to zero in 
order to maximize the C.O.P. when T = 0. The resulting equation could 
not be evaluated or simplified in such a manner that C.O.P. could be 
max 
shown to be independent of B when x = 0 . A similar point where all 
-6 ° 
curves intersected also occurred for C.O.P.. at x = -135 x 10 volts/ K. 
i 
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Norwood1s results shown in Figure 6 indicate how resistivity 
affects the maximum temperature difference. When T = 0, AT is, im-
max 
proved very slightly for a variable resistivity with B > 0 (Curve C) 
rather than constant resistivity (Curve E). From these two curves a 
change in resistivity with temperature appears to have almost negli-
gible effect on AT 
max 
In summary the computer results have shown that the relative 
influence of T and variable resistivity on Q s, C.0.P„» and AT , varies 
J c max 
sharply with the operating conditions for the thermoelement; -i.e. , with 




CONCLUSIONS AND1 RECOMMENDATIONS 
Equations were presented for predicting the temperature distribu-
tion, heat removal, and coefficient of performance for a heat pump 
element with a constant Thomson coefficient and variable resistivity. 
The numerical results, which were applications of these equations to 
specific cases, have delineated the effect of Thomson coefficient and 
variable resistivity on element performance. These results showed among 
other things that a constant parameter approach can yield values for 
heat removal and coefficient .of performance that are in considerable 
error. As .much as 35 per cent difference in. the heat removal and 18 per 
cent difference in the coefficient of performance occurred when the 
Thomson effect was included in the theoretical analysis. In a similar 
manner, Norwood demonstrated that a variation in the maximum temperature 
difference of several degrees Kelvin was experienced when T took on 
values other than zero. 
The use of a linearly varying resistivity in the theoretical 
equations as opposed to a constant value for p can also alter thermo-
element performance. As high as 8 per cent change in the coefficient 
of performance was noted between a material with constant resistivity 
and a material whose resistivity was a linear function of temperature. 
Therefore, any theoretical analysis of heat pump performance should 
include Thomson, coefficient and variable resistivity. 
42 
The analysis also revealed that heat pumps constructed with 
materials having large positive values of Thomson coefficient will, In 
general, produce a higher rate of heat removal, a better coefficient 
of performance, or a greater temperature difference than thermoelements 
with low or negative Thomson coefficients. If the thermoelement Is to 
be operated at the point of-maximum Q , CO.P.a or AT.,, it would be ad-
vantageous to select a thermoelectric material that has a large, positive 
Thomson coefficient. Provided all other properties are the saie5 the 
available material with the highest value of T should be chosen. 
Heat pump performance can also be improved by selecting the thermo-
electric material having certain resistivity characteristics. The results 
indicated that a constant rather than a variable resistivity should be 
chosen for better heat removal. For positive values of T, better coeffi-
cients of performance can be attained by using a material with a variable 
resistivity rather than constant resistivity. The effect of variable 
resistivity on the maximum temperature difference Is negligible. 
It Is evident that the Thomson coefficient and variable resistivity 
are both important properties that should be considered when selecting 
thermoelectric materials for heat pumps „ The extent to which they may 
affect element performance Is dependent upon the operating conditions 
for the heat pump. 
The closed form solutions presented in Chapter III permit the 
substitution of any desired values of I and the constants k, L, A, T, , 
T ,. p , and S, to obtain Q and CO.P. Other operating conditions can, 
c a b c 
therefore, be evaluated using the same techniques employed in this 
thesis. For this reason, these equations should be useful for assisting 
43 
in the determination of.the correct thermoelectric material for a par-
ticular heat pump application. 
It is recommended that further studies be carried out to more 
accurately establish the effect of constant Thomson coefficient and 
variable resistivity on the maximum no-load temperature difference. 
Norwood's paper indicated the general effect of p and variable T on AT, 
but did not analyze this effect for various values of x and B. To do. 
this, it will be necessary to make some different assumptions than were 
made for this thesis. One possible approach might be to assume a con-
stant temperature at the hot junction, T, .„ Let Q = 0 at x = L, while 
T is allowed to vary. The expression for resistivity and Seebeck coef-
ficient could be written as: 
p = ph + B (T - Th) (5-1) 
and 
S = Sh + T In T/T, (5-2) 
in order to develop closed form equations for the maximum temperature 
difference.. In addition, this would permit materials to be compared, 
which, have the same value of resistivity and Seebeck coefficient at 
the hot junction, but which can have different values of.Thomson 
coefficient and linearly varying resistivity. 
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APPENDIX A 
DERIVATION OF THE ONE-DIMENSIONAL DIFFERENTIAL EQUATION 
FOR THE TEMPERATURE DISTRIBUTION IN AN INSULATED THERMOELEMENT 
Consider a thermoelement of differential length dx as shown in 
Figure 8„ It is assumed that the electrical current I is constant; 
the crossrsectional area, A(x), is an arbitrary function of x; the 
element is insulated along its entire length; the temperature is uniform 
across any section perpendicular to the x-axis; and that steady state 
conditions prevail. Under these conditions, the rate of energy flow in-
to the element must be equal to the rate of energy flow out of the 
element so that 
(§.) - M) = o (A-l) 
dt . dt 
m out 
The rate at which energy flows into the element due to heat conduction 
at position x is 
+ kA -- (A-2) 
dx 
The rate at which electrical energy enters the element at position x is 
+ IV (A-3) 
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dx 
i A dT d ,, . dTN, kA -T—- + ̂ —(kA -=—)dx dx dx dx 
+ IV — IV + I ̂ - dx 
dx 
+• 1 S T ». 1ST + I •£- (ST) dx 
dx 
x + dx 
Figure 8. Differential Section of a Thermoelement 
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The rate at which Peltier heat is liberated at position x is 
+ 1ST (A-4) 
The r a t e at which energy leaves t h e element a t p o s i t i o n x + dx by con-
duct ion i s 
+ kA ~+ • A (kA ~) dx (A-5) 
dx dx dx 
The rate at which electrical energy leaves the element at position x + dx 
is 
dV 
+ IV + I y- dx (A-6) 
dx 
The rate at which Peltier heat is liberated at position x + dx is 
+ 1ST + I -£• (ST) dx (A-7) 
dx 
S u b s t i t u t i o n of Equat ions (A-2) through (A-7) i n t o Equation (A- l ) g ives 
<L ( k A d T j + I d V + d S + d T = „ { A . B ) 
dx dx dx dx dx 
From irreversible thermodynamics (12) it can be shown that in a non-
isothermal rod through which a current passes 
1+7 
d l = + I d R _ s | I (A-9) 
dx dx dx 
where R = fX ,_,. J (A-10) 
I A(x) 
J o 
or dV = £P - S fL (A-11) 
A(x) dx 
S u b s t i t u t i o n of Equation (A-11) i n t o Equation (A-8) g ives 
2 
^ - (kA ~ ) + IT ^ + !_ -£ .= o (A-12) 
dx dx' dx A 
However, 
dS _ dS , dT 
dx "* dT dx 
so t h a t Equation (A-12) becomes 
The Thopison c o e f f i c i e n t , x , i s def ined 
(A-13) 
<L ( k A d T ^ + I T . d S . dT i f o Q ( } 
dx dx dT dx A 
T = T § (A-15) 
so t h a t Equation (A-14) may be w r i t t e n 
48 
/ (kAdT) + l T d T . + 1 % = Q 
dx dx dx A 
where A I s an a r b i t r a r y funct ion of x ; k , p , and T are func t ions of the 
t empera tu re , I f the cu r r en t I s In t h e oppos i te d i r e c t i o n 9 which occurs 




Table 1. Properties of Typical Thermoelectric 
Heat Pump Materials 
Alloy Type Temperature 
°K 
4 
iP x 10 
ohm-cm 
6 
B x 10 
ohm-cm 
S x 10 
Volts 
6 
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SAMPLE COMPUTER PROGRAM 
Normally, the best way to obtain the maximum heat removal and 
maximum coefficient of performance would be to differentiate the equa-
tions for Q and CO1.?, with respect to current, set the resulting 
expressions equal to zero, and solve for the Current, I. The current 
obtained would be that current required to produce Q or CO.P. 
^ cmax max 
However, t he equa t ions p re sen ted in Chapter I I I a r e , as a whole, too 
d i f f i c u l t t o handle In t h i s manner. There fore , a d i f f e r e n t t echnique 
was employed. The two equa t ions for Q and C O . P . when x and B a re 
zero (Equat ions (3-28) and (3 -37) ) were d i f f e r e n t i a t e d t o ob ta in expres-
s ions for t h e cu r r en t r equ i r ed for maximum heat removal and c o e f f i c i e n t 
of performance. Taking Equation ( 3 - 2 8 ) , 
- I 2 p L kA(T - T ) 
Q = _ J £ £ _ + S, IT (3-28) 
c 2A L be 
differentiating it with respect to I, and setting It equal to zero, we 
obtain 
dQp -I p L 
_-£.= o = ~—+ S,T (B-l) 
dl A b c 
or • S AT 
I = -£-£ (B-2) 
•p L a 
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Similarly, 
-I2 p L kA(T. - T ) 
» £ °- t S. IT 
C.O.P. = — ^ £ 5-£- (3-37) 
I p L 
-^ t S. I(T, - T ) 
A b h c 
Differentiating Equation (3-37) with respect to 1 and setting it equal 
to zero gives: 
d(C-O.P.) = 0 a ^ ± f k ( T t T ) I 2 . (B.3) 
d I 2A c h 
S kA 
2 p k (T, - T )I - ~ (I, - T r 
a n c L h c 
or 
I = 
S, (T, - T ) 
b h c 
\ ~ \ - lt/t £ =-<T + T, ) 
A I 2 p k c h 
Equation (B-4) is the same as that given by loffe (10), Equations (B-2) 
and (B-M-) allow the current at maximum Q and C.O.P. to be calculated 
when T = 0 and B = 0. These two currents serve as a means of locating 
approximately what the values of current for Q and C.O.P. for r r J emax max 
other T and B should be. With this knowledge of current, a range of 
values for I can then be substituted into the equations for Q and C.O.P 
The current was substituted at intervals of about 0.10 amps to first 
establish the approximate values of current for Q and C.O.P. 
srsr cmax max 
52 
Once the approximate currents are knowns a smaller interval of- current 
of '0.01 amps.is used to establish the values of maximum heat removal and 
coefficient of performance to the desired accuracy. The technique is 
demonstrated by a portion of .the computer program that has been retyped 
below, 
First, I was calculated for Q and CO.P. when T and B are 
cmax max 
zero . 
Q A, T" — P% 
b c 212 x 10 x 0.37 x 250 _n rn 
I = — — — = —• ^ --• r—r — = 19.61 amps for Q 
p L 0.001 x 1.0 r cmax 
Ŝ  (T, - T ) 
b h c 
pa L f / S,
2 (T + T, ) 
a I , + / + b c h - 1
A I ' 2 p k 
a. 
212 x 10~6 x 50 
0.001 x 1.0 | / (212 x 10 6 ) 2 (250 + 300) 
0,370 0.001 x 0.02 
/ 
14.53 amps for CO.P. 
max 
These two currents provided the basis for the range of currents to be 
substituted into the computer program.. 
Program (For B > 0, T =•0) 
BAC-220 STANDARD VERSION 
COMMENT WAYNE h . ADAMS0N 
COMMENT THERMOELECTRIC HEAT PUMP PROGRAM NO. 3S HC=0 
53 
ARRAY QBC500), CB(5Q0), 1(500) $ 
K=0.02 $ L=1.0 $ AR=0.0370 $ TC=250.0 $ TH=300.0 $ PC=0.001 $ 
SC=0.000212 $ TA=275.0 $ 
INTEGER J $ 
WRITER ($$TITLE) $ 
FOR - B = 0 . 0 0 0 0 0 6 , 0 . 0 0 0 0 0 4 , 0 . 0 0 0 0 0 2 , 0 . 0 0 0 0 0 1 $ 
FOR J = ( 1 3 0 , 1 , 2 0 0 ) $ 
BEGIN I ( J ) = 0 . 1 0 ( J ) $ 
Q B ( J ) = ( T H - T C ) . I ( J ) . S Q R T ( B . K ) ( ( ( P C / B ( T H - T C ) ) - 0 . 5 ) , C O S ( I ( J ) . L . 
S Q R T ( B . K ) / ( K . A R ) ) - ( ( P C / B ( T H T T C ) ) + 0 . 5 ) ) / ( S I N ( ( ( B . K ) * 0 . 5 ) . I ( J ) . L / ( K . A R ) ) 
+ S C . I ( J ) . T C $ 
CB(J)=(QB/J))/((I(J).(TH-TC) ,SQRT(B .K).(2PC/B(TH-TC)) 
(1.0-COS(I(J).L.SQRT(B.K)/(K.AR)))/(SIN(I(J).L.SQRT(B.K)/(K.AR)))) + 
I(J))(SC.(TH-TC))) $ 
WRITE($$ANS,FMT) END $ 
READ($$DATA) $ 
INPUT DATA(NONE) $ 
OUTPUT ANS(I(J),QB(J),CB(J),B) $ 
FORMAT TITLE(B16,*I(J)*,B16 ,*QB(J)*,B15,*CB(J)*,B19,*B*,W3,W2) $ 


























13 0.15844748 .00000600 
14 
14 
















18 to ,14045272 .00000600 
18 0 .14043760 .00000600 
The numbers which are enclosed are approximately the maximum 
values of C.0»P8 and Q for T = 0 and B = 0.00000600. Another computer 
c 
program would be utilized to establish the current to the nearest 0.01 
amps rather than 0.10 araps. The only change in the second program over 
the first one would be the change in the range of current I. 
In the program the following notations were used: 
QB = Heat removal. 
CB = Coefficient of performance. 
I = Current. 
PC = Average resistivity. 
SC = Average Seebeck coefficient. 
HC = Thomson coefficient. 
B = Slope of the resistivity. 
TC = Temperature at the cold junction. 
TH = Temperature at the hot junction. 
55 
TA = Average temperature corresponding to the average Seebeck 
coefficient and the average resistivity. 
AR = Area of the thermoelement. 
L = Length of thermoelement. 
K = Thermal conductivity of the element. 
56 
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